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This report presents a numerical study of segregation and mixing of binary mixtures of
particles in a gas-fluidized bed by means of discrete particle simulation, where the motion of
individual particles is 3-D and the flow of continuous gas is 2-D. Periodic boundary conditions
are applied to the front and rear walls to represent a bed of large thickness with a relatively
small number of particles. Two initial packing conditions are used in this simulation:
completely separated, with the flotsam (1 � 10�3 m in diameter) on the top of the jetsam (2 �
10�3 m in diameter), and well mixed. The flotsam and jetsam are of the same density, with
each counting 50% in weight. Gas is injected uniformly at the bottom. Two superficial gas
velocities, 1.0 and 1.4 m/s, are used in the simulation, producing significant segregation and
good mixing, respectively. The results show that the degree and rate of segregation or mixing
are significantly affected by gas velocity and the final equilibrium states are not affected by the
initial packing states for a given gas velocity. Significant segregation occurs at a gas velocity
of 1.0 m/s, with the top fluidized layer rich in flotsam and the bottom defluidized layer rich in
jetsam, whereas there was less segregation at 1.4 m/s with most of the bed fluidized. The
simulated results are qualitatively comparable with those observed in the physical experiments
conducted under similar conditions. On this basis, the mixing kinetics obtained from the
numerical simulation is quantified with a weighted Lacey mixing index and explained in terms
of microdynamic results in relation to particle–particle and particle–fluid interactions. It is
proposed that an appropriate sampling size should be able to describe properly the two
extremes: well mixed and fully segregated. The results also demonstrate that size segregation
occurs as a result of the strong fluid drag force lifting the flotsam before a dynamical
equilibrium is reached, and the particle–particle interaction, like the particle–fluid interaction,
plays an important role in achieving uniform fluidization. © 2004 American Institute of Chemical
Engineers AIChE J, 50: 1713–1728, 2004
Keywords: fluidization, mixing, size segregation, gas–solid flow, binary mixture, discrete
particle simulation

Introduction

Segregation of solids may be found when particles with
different shapes, sizes, and/or densities are fluidized by gas. Its

occurrence can be either detrimental or beneficial, depending
on specific applications. Good solid mixing is desired in situ-
ations such as coal combustion, whereas segregation is needed
to separate one solid from the other. The knowledge of the
fundamentals governing segregation or mixing is important for
better using these phenomena to enhance the performance of
operations. Therefore it has been a continuous subject of re-
search.

Correspondence concerning this article should be addressed to A. B. Yu at
a.yu@unsw.edu.au.
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Previous studies have shown that many variables affect the
mixing/segregation behavior, including particle properties such
as particle size, density, and shape, and operational conditions
such as superficial gas velocity, particle concentration, initial
packing condition, and bed aspect ratio. Some general knowl-
edge about their effects has been obtained. For example, it is
known that segregation is most significant at superficial gas
velocities between the minimum fluidization velocities of flot-
sam (smaller or lighter particles) and jetsam (larger or heavier
particles), and correlations have been formulated for calculat-
ing the minimum fluidization velocity of binary mixtures (see,
for example, Wu and Baeyens, 1998); density difference is
more significant than size difference (Rowe et al., 1972);
segregation is more pronounced for a bed of low aspect ratio
(Formisani et al., 2001; Wu and Baeyens, 1998). The mixing
index, as an important parameter to quantify the kinetics of the
process, is usually studied by the bed freeze and dissection
method, which is very laborious and suffers a great deal of
uncertainty. Some empirical or semiempirical correlations and
theoretical models have been proposed to predict this phenom-
enon (Beeckmans, 1984; Gibilaro and Rowe, 1974; Hoffmann
et al., 1993; Nienow et al., 1978; Shen and Zhang, 1998).
However, because of the complexity of the problem, in practice
these models are not reliable for general application.

Segregation as a bulk behavior results from the collective
interactions among individual particles, in addition to the in-
teraction between gas and particles. Therefore, analysis on a
particle scale based on information such as the trajectories of,
and forces acting on, individual particles are critical to the
elucidation of the governing mechanisms of mixing/segrega-
tion. Gas fluidization involves strong coupling between dis-
crete particles and continuum gas, and is a very complicated
dynamic process with vigorous temporal and spatial variation.
At this stage of development, it is not possible to generate
experimental information rich enough for particle-scale analy-
sis. For example, the newly developed positron emission par-
ticle tracking (PEPT) technique can trace only one or several
particles, based on which to derive the velocity field of parti-
cles in a fluidized bed (Hoomans et al., 2001; Stein et al., 1995;
Stewart et al., 2001). However, other dynamic information,
such as transient flow structure and forces of particles, is still
unavailable. The lack of quantitative particle-scale information
has hindered the development of a general method for reliable
scale-up, design, and control/optimization of mixing/segrega-
tion behaviors. In recent years, numerical methods have been
developed to overcome this difficulty. This is mainly achieved
by combining the discrete particle method (DPM) for solid
phase with computational fluid dynamics (CFD) for gas phase,
that is, the so-called DPM-CFD approach (Tsuji et al., 1993;
Xu and Yu, 1997).

In such a model, the motion of individual particles is ob-
tained by solving Newton’s second law of motion, whereas
fluid flow is obtained by solving the Navier–Stokes equations
with their coupling by Newton’s third law of motion. This
approach can generate detailed information about the trajecto-
ries of particles and the transient forces between particles and
between particle and fluid, thereby providing a promising way
to probe the underpinning physics of gas–solid flow, as dis-
cussed by Yu and Xu (2003). The usefulness of this approach
has been proved from its success in quantifying the effects of
variables, such as materials properties (Hoomans et al., 1998)

and cohesive forces (Kuwagi et al., 2000; Mikami et al., 1998;
Rhodes et al., 2001a; Xu and Yu, 2001), in the microdynamic
analysis of gas fluidization (Xu and Yu, 1998; Xu et al., 2002)
or examination of the performance of complex flow systems
involving inserts (Kawaguchi et al., 1998; Rong et al., 1999),
elevated pressure (Li and Kuipers, 2002), heat transfer (Li and
Mason, 2000), or chemical reaction (Kaneko et al., 1999).
Various phenomena associated with gas–solid flow have been
simulated by this method, including spouting, bubbling, slug-
ging and clustering behavior, cavity formation, and bed expan-
sion (Helland et al., 2000; Kawaguchi et al., 2000; Ouyang and
Li, 1999; Xu and Yu, 2002; Xu et al., 2000; Yuu et al., 2000).
However, almost all the DPM-CFD studies reported are con-
ducted using two-dimensional (2-D) or pseudo 3-D beds with
monosized particles. In the former case, disks are used and in
the latter case, bed thickness is the same as the diameter of
particles. Segregation of binary mixtures has been studied by a
2-D approach, in which particles are treated as different sized
discs (Hoomans et al., 2000). The porosity calculated in 2-D
needs to be transferred to the one in three dimension through an
arbitrary treatment. Furthermore, segregation attributed to in-
terparticle percolation is considerably suppressed because of
the loss of 1-D motion.

This report presents a numerical study of segregation and
mixing of binary mixtures of particles in a gas-fluidized bed by
means of discrete particle simulation where the motion of
individual particles is three-dimensional and the flow of con-
tinuous gas is two-dimensional. The focuses are on the effects
of two variables: the initial packing state and gas velocity. The
validity of the approach is examined by comparing the simu-
lated and measured results under comparable conditions in
terms of solid flow pattern. Based on the simulated results, the
mixing/segregation kinetics and the role of particle–particle
and particle–fluid interactions are analyzed in detail.

Simulation Method
Governing equations

The formulation of governing equations is in principle the
same as the one used by Xu and Yu (1997, 2000). Development
has been made to consider multisized particles and 3-D solid
flow in a fluidized bed, and is briefly outlined as follows.

The solid phase is treated as a discrete phase that is described
by a conventional discrete element method (DEM), originally
proposed by Cundall and Strack (1979), and has been widely
accepted as a most powerful DPM technique in granular re-
search (see, for example, Thornton, 2000). Thus, the transla-
tional and rotational motions of a particle at any time t, in a
bed, are determined by Newton’s second law of motion, which
can be written as

mi

dvi

dt
� ff,i � �

j�1

ki

�fc,ij � fd,ij� � fg,i (1)

and

Ii

d�i

dt
� �

j�1

ki

Tij (2)
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where mi, Ii, ki, vi, and �i are, respectively, the mass, momen-
tum of rotational inertia, number of contacting particles, and
translational and rotational velocities of particle i; ff,i and fg,i

are fluid drag force and gravitational force, respectively; and
fc,ij, fd,ij, and Ti,j are the contact force, viscous contact damping
force, and torque between particles i and j. These interparticle
forces and torques are summed over the ki particles in contact
with particle i.

The particle–particle and particle–wall contact force is cal-
culated based on a soft-sphere method. The particle fluid in-
teraction force is calculated according to the correlation by Di
Felice (1994), which has been used by Xu and Yu (1997, 2000)
and Kafui et al. (2002). The equation is initially formulated for
monosized particles. Because it is based on the analysis of a
single particle, conceptually it can be directly applied to mul-
tisized particles, although its accuracy may need to be exam-
ined. The formulations used to calculate the forces and torques
involved in Eqs. 1 and 2 are listed in Table 1. These equations,
or the like, have been extensively used in our study of particle
packing and flow related to various industrial processes as
recently summarized by Yu (2002).

The gas phase is treated as a continuous phase and modeled
in a way very much similar to the one widely used in the
conventional two-fluid modeling (see, for example, Gidaspow,
1994). Thus, its governing equations are the conservations of

mass and momentum in terms of the local mean variables over
a computational cell, given by

��

�t
� � � ��u� � 0 (3)

and

���f�u�

�t
� � � ��f�uu� � ��P �

�
i�1

kc

ff,i

�V
� ����� � �f�g (4)

where �f, u, and P are, respectively, the fluid density, velocity,
and pressure; �, �, and �V are the fluid viscous stress tensor,
porosity, and volume of a computational cell, respectively.

Obviously, the modeling of the solid flow by DEM is at the
individual particle level, whereas the gas flow by CFD is at the
computational cell level. Their coupling is numerically
achieved as follows. At each time step, DEM will give infor-
mation, such as the positions and velocities of individual par-
ticles, for the evaluation of porosity and volumetric fluid drag
force in a computational cell. CFD will then use these data to
determine the gas flow field, which then yields the fluid drag

Table 1. Components of Forces and Torque Acting on Particle i

Forces and Torque Symbol Equation*

Normal forces

Contact fcn,ij �
4

3
E*�R* �n

3/2n

Damping fdn,ij �	n(6mijE*�R*�n)1/2vn,ij
Tangential forces

Contact fct,ij �

sfcn,ij

��t,ij� �1 � �1 �
min	��t,ij�, �t,ij,max


�t,ij,max
�3/2��t,ij

Damping fdt,ij �	t�6mij
sfcn,ij

�1 � �t,ij/�t,ij,max

�t,ij,max
�1/2

vt,ij

Fluid drag force ff,i 0.5cd0,i�f�Ri
2�ui � vi�(ui � vi)�i

1��

Torque Ti,j Ri � (fct,ij � fdt,ij)
Gravity fg,i mjg

*where:
1

R*
�

1

Ri
�

1

Rj
, E* �

E

2�1 � 
2�
, n �

Ri

Ri
, �t,ij,max � 
s

2 � 


2�1 � 
�
�n, mij � vij � vj � vi � �j � Rj � �i � Ri, vn,ij � �vij � n� � n, vt,ij � �vij � n� � n,

cd0,i � �0.63 �
4.8

Rep,i
0.5�2

, Rep,i �
2�fRi�i�ui � vi�


f
, � � 3.7 � 0.65 exp�� �1.5 � log10Rep,i�

2

2 �

Table 2. Parameters Used in the Present Simulations

Particle Phase Gas Phase

Density (kg m�3) 2500 Viscosity (kg m�1 s�1) 1.8 � 10�5

Young’s modulus (Nm�2) 1.0 � 108 Density (kg m�3) 1.205
Poisson ratio (Nm�2) 0.3 CFD cell Width (m) 0.00325
Sliding friction coefficient 0.3 Height (m) 0.00325
Damping coefficient 0.2 Bed geometry Width (m) 0.065
Particle diameter (m) Flotsam 0.001 Height (m) 0.26

Jetsam 0.002 Thickness (m) 0.0081
Number of particles Flotsam 22,223 Bed distributor Uniform

Jetsam 2777
Time step (s) 2.5 � 10�6 Time step (s) 2.5 � 10�6
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forces acting on individual particles. Incorporation of the re-
sulting forces into DEM will produce information about the
motion of individual particles for the next time step. The fluid
drag force acting on individual particles will react on the fluid
phase from the particles, so that Newton’s third law of motion
is satisfied. The advantage of this coupling technique has been
discussed in previous work (see, for example, Xu and Yu,
1997; Yu and Xu, 2003).

Equations 1 and 2 for particle flow can be numerically
solved by an explicit time integration method, facilitated with
suitable boundary conditions for given flow conditions. Here,
the interparticle force models are also applied to the interaction
between a particle and a wall, with the corresponding wall
properties used. However, the wall is assumed to be so rigid
that no displacement and movement result from this interac-
tion. On the other hand, Eqs. 3 and 4 for gas flow can be readily
solved by use of a conventional CFD method (Zhang and Yu,
2002; Zhang et al., 1998). For the present simulation, a no-slip
boundary condition is applied to bed walls and zero normal

Figure 1. Initial (well mixed) packing state: (a) front view;
(b) side view.

Figure 2. Particle configuration (top) and velocity field (bottom) at different times for a bed whose initial state is well
mixed, when superficial gas velocity is at 1.0 m/s.

1716 AIChE JournalAugust 2004 Vol. 50, No. 8



gradient condition to the top exit for gas velocity; the gas flow
at inlet is specified.

Simulation conditions

Table 2 shows the parameters used in this simulation. Spher-
ical particles are used as the solid phase fluidized in a rectan-
gular bed. Periodical boundary conditions are applied to the
front and rear walls for this phase. This treatment can effec-
tively reduce the wall effect imposed by the front and rear walls

and allow the 3-D motion of particles in the bed with a
relatively small number of particles (Yang et al., 2001). The
flow of gas is assumed to be two-dimensional, given that the
bed width is much larger than its thickness.

A simulation is started with the random generation of par-
ticles without overlaps in the rectangular bed, followed by a
gravitational settling process for 0.6 s. Then, gas is uniformly
injected at the bottom to fluidize the bed. Two initial packing
states are used in this work: well mixed and fully segregated,

Figure 3. Particle configuration (top) and velocity field (bottom) at different times for a bed whose initial state is well
mixed, when superficial gas velocity is at 1.4 m/s.
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with flotsam on the top of the jetsam. The top surface of the
packed particles after settling is about 6.5 � 10�2 m high,
almost the same as the bed width. Figure 1 shows the front and
side views of the well-mixed initial packing. After some trials,
two gas velocities, 1.0 and 1.4 m/s, are selected in this work,
which respectively produce significant segregation and good
mixing. The results are used to elucidate the underlying mech-
anisms.

Results and Discussion
Solid flow patterns

Figure 2 shows the particle configurations and velocity dis-
tributions at different times, when the superficial gas injection
velocity is 1.0 m/s. For better visualization, only particles
whose center points are between 1.5 � 10�3 and 2.5 � 10�3 m
in the thickness direction are presented (this applies to all
figures illustrating flow patterns in this work). Once gas is
introduced into the bed, segregation appears gradually with
jetsam aggregated at the bottom layer. Finally, two layers can
be identified. The top layer, rich in flotsam, is in the fluidized
state, and the bottom layer, rich in jetsam, is in the defluidized
state. It can be observed that the bubbles and slugs, initiated
above the interface between jetsam and flotsam, lift the under-
neath jetsams up through the wakes, producing a mixing pro-
cess. In the meantime, the jetsam will preferentially move
down the bed as a bubble flows up, producing a segregation
process. After a period of about 20 s, a dynamic equilibrium is
reached where the mixing and segregation processes are bal-
anced. A clear interface can be seen between the two layers.
The interface between the two layers surges like a wave,
corresponding to the crunch of the interface particles agitated
by the bubbles and slugs initiated around the interface, and a
wave peak is generated by a bubble or slug drifting the bottom
jetsam up. There are always some jetsam particles in the
fluidized layer, attributed to the flow of such bubbles and slugs,
and some flotsam percolating in the defluidized layer. There-
fore, perfect segregation is not possible.

When gas injection velocity is increased to 1.4 m/s, as shown
in Figure 3, both jetsam and flotsam are fluidized with bubbles
and slugs continuously rising through the bed and bursting out
at the bed surface. The motion of particles is much more
vigorous than that at the lower gas velocity. Consequently, its
dynamic equilibrium can be established quickly and with less
segregation.

The segregation at the two velocities can be quantified in
terms of the vertical distribution of mass fraction of jetsam.
The positions of particles are recorded every 0.02 s in a
simulation. Fluctuation is significant because of the vigorous
flow of gas and particles but can be eliminated largely by
time-averaging. Figure 4 shows the results obtained by aver-
aging 50 records for each point. The results correspond to those
observed in Figures 2 and 3 but are more quantitative.

Figure 5 shows the solid flow patterns from a fully segre-
gated bed when the superficial gas velocity is 1.0 m/s. Starting
from the completely segregated state, the flotsam in the top part
is fluidized with bubbles and slugs, and the jetsam in the
bottom part remains defluidized. The jetsam adjacent to the
flotsam can be dragged to the upper part of the bed by the wake
of bubbles and slugs (mixing process) and move down through

the flotsam (segregation process). After a period of rearrange-
ment, a dynamic equilibrium state is achieved, where the
mixing process balances the segregation process. When the
superficial gas velocity is increased to 1.4 m/s, as shown in
Figure 6, the whole bed is fluidized, the vigorous bubbling and
slugging produce a better mixing state, with limited segrega-
tion at the bottom. Comparison of the results in Figures 2 and
5, or 3 and 6, indicates that the final equilibrium state is not
sensitive to the initial packing of particles, which will be
further confirmed in our later analysis of the mixing kinetics.

To develop a confidence about the proposed approach, phys-
ical experiments were conducted under conditions comparable
to those used in the simulation. The bed thickness is also 4.05
times the jetsam diameter; however, the front and rear walls
have to be used to support particles. The wall is made of
Perspex sheet. Glass beads of diameters 1 and 2 � 10�3 m are
used for the solid phase and air for the gas phase. A segrega-

Figure 4. Mass fraction distribution of jetsam at vertical
direction at different times at different super-
ficial gas velocities when the initial state is
well mixed: (a) v � 1.0 m/s; (b) v � 1.4 m/s.
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tion/mixing process is recorded by a digital video camera.
Different sized particles can be identified by the colors re-
flected through light (dark for flotsam and bright for jetsam).
Figure 7 shows the solid flow patterns measured. Obviously,
the results from the physical and numerical experiments are
quite comparable. Perfect segregation or mixing is not possible
under the present flow conditions. For example, the measured
and simulated results both indicate that, although both flotsam
and jetsam are fluidized at high gas velocities, there are always
some jetsam particles simply moving on the bottom plate of the
bed. Note that the conditions for physical and numerical ex-
periments are not exactly the same. For example, front and rear
walls are present in the physical experiment, whereas the use of
a periodical boundary condition in the numerical experiment
means the gap between the front and rear walls is infinitely
large. The parameters selected for simulation may not fully
represent the materials properties for experiment. Thus, the
comparison between physical and numerical experiments is
qualitative. Nonetheless, it confirms that the present model has
captured the key features of this gas–solid flow system. On this
basis, further analysis was made with the simulated results, as
discussed below.

Mixing kinetics

Different mixing indices have been proposed to quantify the
degree of mixing/segregation (see, for example, Hemiti et al.,
1990; Lacey, 1954; Nienow et al., 1987; Rice and Brainovich,
1986). An extensive discussion of different forms of mixing
indices, as well as sampling size and method for binary mix-
ture, has been made by Fan et al. (1970) and, more recently,
Poux et al. (1991), respectively. To date, it remains an active
research topic (Rollins et al., 1995). For simplicity, the present
analysis is based on the so-called Lacey mixing index (Lacey,
1954), which can be given by

M �
S0

2 � S2

S0
2 � SR

2 (5)

where S2 is the actual variance, S0
2 and SR

2 , respectively, rep-
resent the variances of the completely segregated and well
mixed states, given by

S0
2 � p � q (6)

Figure 5. Particle configuration (top) and velocity field (bottom) at different times for a bed whose initial state is fully
segregated, when superficial gas velocity is at 1.0 m/s.
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SR
2 �

p � q

N
(7)

where p and q are the volume fractions of flotsam and jetsam
in a mixture, and N is the equivalent number of particles in the
sample. The equation is originally used for monosized parti-
cles. For the present binary system, the concept of equivalent
particle number is used in the calculation. Each jetsam particle
is equivalent to eight flotsam particles, to represent their vol-
ume difference. This treatment is equivalent to that suggested
by Lacey (1954).

In physical experimentation, sampling is often made from a
“frozen” bed, which is produced by a sudden stop of gas flow

to allow particles to settle down under gravity, followed by the
use of a proper method to divide the whole bed into small
sections and measure the concentrations in each section. It is
very laborious and suffers a certain deal of uncertainty because
of the rearrangements associated with the transition from a
fluidized to a fixed bed. Numerical experimentation can avoid
this deficiency, given that in situ particle information is readily
available. However, for gas fluidization, there is still a problem
here because the weight of each sample may vary significantly
as a result of the presence of bubbles and slugs. Rhodes et al.
(2001b) handled this problem by such an approach that while
the width of a sample is fixed, its height is adjustable to ensure
that each sample has the same number of particles. Although

Figure 6. Particle configuration (top) and velocity field (bottom) at different times for a bed whose initial state is fully
segregated, when superficial gas velocity is at 1.4 m/s.
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their method is acceptable for monosized particles, the case
they studied, it may experience a limitation when applied to a
multisized particle system. Here, we propose an alternative
approach that involves the use of a fixed sample size whose
contribution to the variance is weighted according to the equiv-
alent number of particles, which varies because of the presence
of bubbles, as shown in Figure 8. Thus, variance S2 is ex-
pressed as

S2 �
1

kt
�
i�1

n

kwf�Xi � X� �2 (8)

where

kt � � kwf (9)

where kwf is a weighting factor, equal to N/Nmax (N is the
number of equivalent particles in the ith sample, and Nmax is the

maximum number of equivalent particles among all the sam-
ples at a time step considered), n is the number of samples, Xi

is the volume fraction of flotsam in the ith sample, and X� is the
volume fraction of flotsam in the whole bed.

Sample size also affects the value of mixing index as dis-
cussed by Fan et al. (1970), for example. If the sample size is
too small, down to one particle, the mixing index, even for a
well-mixed bed will be zero; if the sample size is too large, up
to the bed size, the mixing index will be equal to one even for
perfect segregation. Therefore, it is important to find a proper
sample size for a considered system. Figure 9 shows the
variation of the mixing index with time for three sample sizes
from the same case. These sampling sizes are 6.5, 3.25, and
2.167 � 10�3 m and represented by s1, s2, and s3, respectively,
in the figure. The same trend can be observed in Figure 9 but
the value of mixing index differs for the three sample sizes.

Figure 10 shows the effect of sample size on the mixing
index for the two extreme packing states. The results indicate
that a sample size between 2.0 to 4.0 � 10�3 m is reasonable,

Figure 7. Solid flow patterns observed in the experiment: (a) when v � 1.3 m/s and initial state is well mixed
(corresponding to Figure 2); (b) when v � 1.8 m/s and initial state is fully segregated (corresponding to
Figure 6).
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satisfying the conditions that the mixing index should be close
to one for the well-mixed state and close to zero for the fully
separated state. On this basis, the sample size is set to 1/20th of

the bed width (3.25 � 10�3 m) for the present analysis of
mixing kinetics.

Figure 11a shows the change of mixing index with time,
when the superficial gas velocity is 1.0 m/s. Starting from the
perfect mixing state, the mixing index decreases gradually as
segregation proceeds. It reaches a value of about 0.1 when the
equilibrium state is achieved. On the other hand, starting from
the fully segregated state, the mixing index increases as a result
of mixing; a similar value is also reached at its equilibrium
state. When the superficial gas velocity is 1.4 m/s, as shown in
Figure 11b, the mixing indices from two extreme initial con-
ditions reach a similar value, about 0.75, at the equilibrium
state. Clearly, it takes a shorter time to reach the equilibrium
state at a gas velocity of 1.4 m/s than that at 1.0 m/s. There is
also a larger fluctuation at a gas velocity of 1.4 m/s than that at
1.0 m/s. Nevertheless, Figure 11 quantitatively confirms that
the final equilibrium state is not sensitive to the initial packing
of particles.

Role of particle–particle and particle–fluid interactions

The flow and segregation of particles in a fluidized bed is
controlled by the interactions between particles, between par-
ticles and fluid, and between particles and wall, in addition to
the gravitational force. The analysis of these interaction forces
is therefore key to developing a better understanding of the
underlying mechanisms. Such information is very difficult, if
not impossible, to obtain fully with the current experimental
techniques, but is readily available from the present DPM-CFD
study. Figure 12 shows the spatial distributions of velocity and
force fields when the initial condition is well mixed and gas
injection velocity is 1.4 m/s after 3.5 s of simulation. The
magnitudes of these forces acting on a particle are nondimen-
sionized by its gravity force. As can be seen from Figure 12a,
large contact forces are found mainly in the area where parti-
cles are crowded and the relative velocity between particles is
high, and the value can be hundreds of times of its weight. On
the other hand, Figures 12b and 12c show that the drag force in
a dense area is larger than that in a loose area, both horizontally
and vertically, because of the difference in porosity and per-
meability. Drag force is generally greater in the vertical direc-

Figure 8. Sampling method used.

Figure 9. Mixing index as a function of time with different
sample sizes (v � 1.0 m/s, and initial state is well
mixed): s1, 6.5; s2, 3.25; s3, 2.167 � 10�3 m.

Figure 10. Effect of sample size on mixing index for
different packing states: line 1, well mixed;
line 2, fully segregated.
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tion than in the horizontal direction and is low near the wall.
The particle–particle and particle–fluid interactions are strong.
As a consequence, as shown in Figure 12d, vigorous particle
motion is observed, producing good mixing, as shown in Fig-
ure 11b.

The particle–particle and particle–fluid interaction forces
vary not only spatially but also temporally. To highlight this
point, Figure 13 shows the variation of the spatial distribu-
tion of the drag forces acting on individual particles and
velocity distribution with time when the initial condition is
well mixed and gas injection velocity is 1.0 m/s. Because
segregation takes place mainly in a vertical direction, the
present analysis of the drag force is focused on the vertical
component only. It can be seen that, at t � 1.5 s, jetsam

particles accumulate in the lower part of the bed, and a big
bubble bursts out in the upper part, whereas a bubble forms
at the interface between flotsam and jetsam. In general, the
upward drag force acting on the flotsam particles is greater
than that on the surrounding jetsam particles, noting that the
drag force of a particle is again nondimensionized by its
own gravity. This difference produces separation of flotsam
and jetsam in the loose regions, such as the top bubbling
region and the bottom bubble-initiating region. In the middle
dense region, the drag force on a flotsam particle is greater
than its gravity, whereas the drag force on a jetsam particle
is less than its gravity. However, because there is no space
for the rearrangement of particles in this region, the jetsam
particles are lifted up by their underneath flotsam particles,
producing a mixing process. Particles lifted up by a bubble
will fall down once the drag force cannot balance the grav-
ity. The falling mainly occurs to particles close to the walls,
where the drag force is small and, combined with the rising
of particles in the center, generates dual vortices. Bubble
formation, rising, and bursting out are repetitive, and so are
the rising and falling of particles. A macroscopically stable
state can be reached when the mixing is balanced by the
segregation associated with the repetitive processes.

Obviously, the mixing/segregation process is very com-
plicated. Detailed analysis of the gas and solid flow in
relation to the particle–particle and particle–fluid interaction
forces based on the DPM-CFD results may offer a way to
generate an ultimate answer to the question of how and why
segregation/mixing occurs in gas fluidization. Such studies
largely represent our present ongoing research effort. In the
meantime, simply by examining the time- and space-aver-
aged results, we found that the segregation and mixing
phenomena observed can be reasonably explained, as dis-
cussed below.

By definition, at a given time, the mean drag force on a
particle is calculated as

1

Np
�
i�1

Np

ff,i

where Np is the number of one type of particles (flotsam or
jetsam). The mean interparticle interaction force on a particle,
which includes the contact force and damping force, is calcu-
lated as

1

Np
�
i�1

Np � �
j�1

ki

�fcn,ij � fdn,ij � fct,ij � fdt,ij��
The mean interaction force between particles and walls can
be defined similarly. Because segregation occurs in a verti-
cal direction, our analysis is again focused on the forces in
this direction for simplicity. Figure 14 shows the variation
of the mean fluid drag force, particle–particle interaction
force, and particle–wall interaction force (nondimensionized
by their respective gravity force) with time, when the initial
condition is well mixed and gas injection velocity is 1.0 m/s.
At the start of gas injection, the upward fluid drag force is
greater than the gravity force for flotsam (Figure 14a) and

Figure 11. Mixing index as function of time for different
initial states at different superficial gas veloc-
ities: (a) v � 1.0 m/s; (b) v � 1.4 m/s; line 1,
well mixed; line 2, fully segregated.
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less than the gravity force for jetsam (Figure 14b). This will
provide a driving force for segregation, with flotsam rising
to the top and the jetsam sinking to the bottom of the bed.
On the other hand, the resulting upward motion of flotsam
particles and the downward flow of jetsam particles are
hindered by the particle–particle interaction forces from
their surrounding particles. The particle–wall interaction
force is small because the gravity is mainly supported by the
fluid drag force, although this force acting on jetsam parti-
cles fluctuates more significantly than that on flotsam parti-
cles. Two stages can be identified from Figure 14: transient
stage and stable stage. At the transient stage, the drag force
decreases for flotsam and increases for jetsam. This should
correspond to the rearrangement and segregation process of
particles in the bed. Consequently, the interaction force
between flotsam and jetsam decreases. After about 20 s, the
forces simply fluctuate around their mean values, and a
macroscopically stable stage is reached. At this stage, flot-
sam is rich in the top part of the bed and remains in a
fluidized state, and jetsam is rich in the bottom part and
remains in a defluidized state. These two stages are consis-
tent with the mixing kinetics quantified by the mixing index
in Figure 11a.

When the gas injection velocity is increased to 1.4 m/s, the
patterns of these interaction forces differ and these forces
fluctuate more vigorously, as shown in Figure 15. Although
starting from the same initial packing condition, the transient
stage is very short, only about 2 s. Note that the time in this
figure is expressed in logarithmic scale to better illustrate the
transient stage. It can be seen that the drag force on flotsam or
jetsam particles is much greater than their gravity when gas

injection starts, yielding fluidization of the whole bed (Figure
3) and good mixing (Figure 11). At the stable state, the drag
forces simply fluctuate around their respective mean values
(1.27 for flotsam and 0.66 for jetsam). Interestingly, the mean
drag force for jetsam particles is much smaller than their
gravity force. Hence, the fluidization of jetsam must be
achieved by a strong interaction between flotsam and jetsam,
which is indeed the case. As shown in Figure 15, there is a
strong interaction force between flotsam and jetsam to lift up
the jetsam particles. For flotsam, this force is downward, to
counteract the upward drag force, to establish a macroscopi-
cally stable flow. Therefore, if the small particle–wall interac-
tion force, which supports jetsam particles sitting on the bottom
wall, is taken into account, the overall forces on the whole bed
are balanced.

Conclusions

A DPM-CFD model was developed and validated to study
the segregation and mixing of binary mixtures of particles in a
gas-fluidized bed where the motion of individual particles is
3-D and the flow of continuous gas is 2-D. The results from the
present work can be summarized as follows:

(1) For a given fluidized system, the degree of mixing/
segregation is strongly affected by gas velocity. Significant
segregation occurs when gas velocity can fluidize only flotsam
but not jetsam, and reasonably satisfactory mixing occurs when
gas injection velocity is strong enough to fluidize the whole
bed. The initial packing state of particles affects the segrega-
tion/mixing kinetics but not the final equilibrium state at a
given gas velocity. These results are qualitatively comparable

Figure 12. Snapshots showing the spatial distribution of forces and velocities when t � 3.5 s, v � 1.4 m/s, initial state
is well mixed: (a) particle–particle contact force in logarithmic scale; (b) fluid drag force in horizontal
direction; (c) fluid drag force in vertical direction; (d) particle velocity.
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with the physical experiments conducted under similar condi-
tions in terms of flow patterns, confirming the validity of the
proposed method.

(2) The segregation/mixing process was analyzed under dy-
namic conditions. A weighted Lacey mixing index was pro-
posed to quantify the mixing kinetics. The effect of sample size
on the mixing index is examined based on the numerical
results. It is proposed that an appropriate sampling size should
be able to describe properly the two extremes: well mixed and
fully segregated. Segregation associated with the defluidization
of jetsam is a gradual process, whereas mixing of jetsam and
flotsam in fluidization can be achieved rapidly.

(3) Mechanisms of mixing/segregation process were studied
in terms of interaction forces between particles and between
particles and fluids. It is shown that these forces vary not only
temporally but also spatially, phenomena that will need more
detailed analysis in future investigations. However, focused on

the vertical components of these forces, the present results
demonstrate that particle segregation occurs as a result of the
strong fluid drag force lifting the flotsam before a dynamical
equilibrium state is reached. The particle–particle interaction,
like the particle–fluid interaction, plays an important role in
achieving uniform fluidization.

Notation

Cd0,i � drag coefficient on an isolated particle i, dimensionless
E � Young’s modulus, N�m�2

f � contact, drag, or gravitational force, N
F � volumetric fluid–particle interaction force, N�m�3

g � gravitational acceleration, ms�2

I � rotational inertia momentum of particle, kg/m2

kc � number of particles in a computational cell, dimensionless
kf � sample numbers after weighting process, dimensionless
ki � number of particles in contact with i, dimensionless

kwf � weighting factor of a sample, dimensionless

Figure 13. Transition of the spatial distribution of vertical drag force (top) and velocity (bottom) when v � 1.0 m/s and
the initial state is well mixed.
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m � mass, kg
M � mixing index, dimensionless
n � number of samples, dimensionless
N � number of particles in each sample, dimensionless

Np � total number of particles having same size, dimensionless
P � pressure, Pa
p � concentration of flotsam in a mixture, dimensionless
q � concentration of jetsam in a mixture, dimensionless

Ri � particle radius, m
Ri � vector of magnitude Ri from the mass center of particle i to a

contact point, m
Rep,i � Reynolds number of particle i, dimensionless

S0
2 � variance at totally segregated condition, dimensionless

SR
2 � variance at random mixed condition, dimensionless

S2 � the actual variance, dimensionless

t � time, s
T � torque, N�m
u � gas velocity, m/s
v � solid velocity, m/s
V � volume, m3

�V � volume of computational cell, m3

X� � concentration of flotsam in the whole bed, dimensionless
Xi � concentration of flotsam on the ith sample, dimensionless

Greek letters

�t,ij � vector of the accumulated tangential displacement between par-
ticles i and j, m

� � porosity, dimensionless
	n, 	t � normal and tangential damping coefficients, respectively, dimen-

sionless

Figure 15. Variation of mean interaction forces with time
at vertical direction when gas velocity is 1.4
m/s and the initial state is segregated.
(a) Flotsam; (b) jetsam; line 1, particle–fluid interaction
force; line 2, particle–particle interaction force; line 3, par-
ticle–wall interaction force.

Figure 14. Variation of mean interaction forces with time
at vertical direction when gas velocity is 1.0
m/s and the initial state is well mixed.
(a) Flotsam; (b) jetsam; line 1, particle–fluid interaction
force; line 2, particle–particle interaction force; line 3, par-
ticle–wall interaction force.
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 � viscosity, kg m�1 s�1


 � Poisson ratio, N�m�1

� � density, kg/m3

� � continuum phase viscous stress tensor, kg m�1 s�2

� � rotational velocity of particle, s�1

Subscripts

c � contact
d � damping
f � fluid phase
i � particle i
j � particle j
p � particle
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